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ON A THREE-DIMENSIONAL RIEMANNIAN
MANIFOLD WITH AN ADDITIONAL STRUCTURE
Georgi Dzhelepov, Iva Dokuzova, Dimitar Razpopov
Abstract. We consider a 3-dimensional Riemannian manifold
M with a metric tensor g, and affinors q and S. We note that the
local coordinates of these three tensors are circulant matrices. We
have that the third degree of q is the identity and q is compatible
with g. We discuss the sectional curvatures in case when q is
parallel with respect to the connection of g.
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1. Introduction
Many papers in the differential geometry have been dedicated on the prob-
lems in the differential manifolds admitting an additional affinor structure f .
In the most of them f satisfies some identities of the second degree f2 = id,
or f2 = −id. We note two papers [7], [8] where f satisfies the equation of
the third degree f3 + f = 0.
Let a differential manifold admit an affine connection ∇ and an affinor
structure f . If ∇f satisfies some equation there follows an useful curvature
identity. Such identities and assertions were obtained in the almost Hermit-
ian geometry in [2]. Analogous results have been discussed for the almost
complex manifolds with Norden metric in [1], [3] and [4], and for the almost
contact manifolds with B-metric in [5] and [6].
In the present paper we are interested in a three-dimensional Riemannian
manifold M with an affinor structure q. The structure satisfies the identity
q3 = id, q 6= ±id and q is compatible with the Riemannian metric of M .
Moreover, we suppose the local coordinates of these structures are circulant.
We search conditions the structure q to be parallel with respect to the Rie-
mannian connection ∇ of g (i.e. ∇q = 0). We get some curvature identities
in this case.
2. Preliminaries
It is known from the linear algebra, that the set of circulant matrices of
type (n × n) is a commutative group. In the present paper we use four
circulant matrices of type (3× 3) for geometrical considerations, as follows:
(1)
(
gij
)
=

A B BB A B
B B A

 , A > B > 0,
2where A = A
(
X1, X2, X3
)
, B = B
(
X1, X2, X3
)
; and X1, X2, X3 ∈ R.
(2)
(
gij
)
=
1
D

A+B −B −B−B A+B −B
−B −B A+B

 , D = (A−B)(A+ 2B),
(3)
(
q
.j
i
)
=

0 1 00 0 1
1 0 0

 ,
(4)
(
S
.j
i
)
=

−1 1 11 −1 1
1 1 −1

 .
We choose the form in (3) of the matrix q because of the next assertion:
Lemma 1. Let
(
mij
)
, i, j = 1, 2, 3 be a circulant non-degenerate matrix
and its third degree is the unit matrix.
Then
(
mij
)
has one of the following forms:
(5)

1 0 00 1 0
0 0 1

 ,

0 1 00 0 1
1 0 0

 ,

0 0 11 0 0
0 1 0

 .
Proof. If
(
mij
)
has the form
(
mij
)
=

a b cc a b
b c a

 ,
then from the condition
(
mij
)3
= E (E is the unit matrix) we get the system
a3 + b3 + c3 + 6 a b c = 1
a2b+ ac2 + b2c = 0
ab2 + ca2 + c2b = 0.
The all solutions of this system are (5).
3. A Parallel Structure
Let M be a 3-dimensional Riemannian manifold and
{
e1, e2, e3
}
be a
basis of the tangent space TpM at a point p
(
X1, X2, X3
) ∈ M . Let g be
a metric tensor and q be an affinor, which local coordinates are given in
(1) and (3), respectively. Let A and B from (1) be smooth functions of a
point p in some coordinate neighborhood F ⊂ R3. We will use the notation
Φi =
∂Φ
∂Xi
for every smooth function Φ, defined in F . We verify that the
following identities are true
(6) q3 = E; g(qx, qy) = g(x, y), x, y ∈ χM,
3as well as
(7) gis g
js = δji .
Let ∇ be the Riemannian connection of g and Γsij be the Christoffel
symbols of ∇. It is well known the next formula
(8) 2Γsij = g
as (∂igaj + ∂jgai − ∂agij) .
Using (1), (2), (7), (8), after long computations we get the next equalities:
Γiii =
1
2D
((A+B)Ai −B(4Bi −Aj −Ak)) ,
Γkii =
1
2D
((A+B)(2Bi −Ak)−B(2Bi −Aj +Ai)) ,
Γiij =
1
2D
((A+B)Aj −B(−Bk +Bi +Bj +Ai)) ,(9)
Γkij =
1
2D
((A+B)(−Bk +Bi +Bj)−B(Ai +Aj)) ,
where i 6= j 6= k and i = 1, 2, 3, j = 1, 2, 3, k = 1, 2, 3.
Theorem 1. Let M be the Riemannian manifold, supplied with a metric
tensor g, and affinors q and S, defined by (1), (3) and (4), respectively. The
structure q is parallel with respect to the Riemannian connection ∇ of g, if
and only if
(10) gradA = gradB.S.
Proof.
a) Let q be a parallel structure with respect to ∇, i.e.
(11) ∇q = 0.
In terms of the local coordinates, the last equation implies
∇iqsj = ∂iqsj + Γsiaqaj − Γaijqsa = 0,
which, by virtue of (3), is equivalent to
(12) Γsiaq
.a
j = Γ
a
ijq
.s
a .
Using (3), (9) and (12), we get 18 equations which all imply (10).
b) Vice versa, let (10) be valid. Then from (9) we get
Γ111 = Γ
2
12 = Γ
3
13 = Γ
3
22 = Γ
1
23 = Γ
2
33 =
1
2D
(AA1 +B(−3B1 +B2 +B3)),
Γ311 = Γ
1
12 = Γ
2
13 = Γ
2
22 = Γ
3
23 = Γ
1
33 =
1
2D
(AA2 +B(B1 − 3B2 +B3)),
Γ211 = Γ
3
12 = Γ
1
13 = Γ
1
22 = Γ
2
23 = Γ
3
33 =
1
2D
(AA3 +B(B1 +B2 − 3B3)).
Now, we can verify that (12) is valid. That means ∇iqsj = 0, i.e. ∇q = 0.

4Remark. In fact (10) is a system of three partial differential equations
for the functions A and B. Let p(X1,X2,X3) be a point in M . We assume
B = B(p) as a known function and then we can say that (10) has a solution.
Particularly, we give a simple (but non-trivial example) for both functions,
satisfying (10), as follows A = (X1)2+(X2)2+(X3)2; B = X1X2+X1X3+
X2X3, where A > B > 0.
4. Sectional Curvatures
Let M be the Riemannian manifold with a metric tensor g and a struc-
ture q, defined by (1) and (3), respectively. Let R be the curvature tensor
field of ∇, i.e R(x, y)z = ∇x∇yz −∇y∇xz −∇[x,y]z. We consider the asso-
ciated tensor field R of type (0, 4), defined by the condition
R(x, y, z, u) = g
(
R(x, y)z, u
)
, x, y, z, u ∈ χM.
Theorem 2. If M is the Riemannian manifold with a metric tensor
g and a parallel structure q, defined by (1) and (3), respectively, then the
curvature tensor R of g satisfies the identity:
(13) R(x, y, q2z, u) = R(x, y, z, qu), x, y, z, u ∈ χM.
Proof. In terms of the local coordinates (11) implies
(14) Rlsji q
.s
k = R
s
kji q
.l
s .
Using (3), we verify qi.j = q
.i
a q
.a
j and then from (1), (2) and (14) we obtain
(13).

Let p be a point in M and x, y be two linearly independent vectors
on TpM . It is known that the quantity
(15) µ(L; p) =
R(x, y, x, y)
g(x, x)g(y, y) − g2(x, y)
is the sectional curvature of 2-plane L = {x, y}.
Let p be a point in M and x = (x1, x2, x3) be a vector in TpM . The
vectors x, qx, q2x are linearly independent, when
(16) 3x1x2x3 6= (x1)3 + (x2)3 + (x3)3.
Then we define 2-planes L1 = {x, qx}, L2 = {qx, q2x} and L3 = {q2x, x}
and we prove the following
Theorem 3. Let M be the Riemannian manifold with a metric tensor g
and a parallel structure q, defined by (1) and (3), respectively. Let p be a
point in M and x be an arbitrary vector in TpM satisfying (16). Then the
sectional curvatures of 2-planes L1 = {x, qx}, L2 = {qx, q2x}, L3 = {q2x, x}
are equal.
5Proof. From (13) we obtain
(17) R(x, y, z, u) = R(x, y, qz, qu) = R(x, y, q2z, q2u).
In (17) we set the following substitutions: a) z = x, y = u = qx; b) x ∼ qx,
z = qx, y = u = q2x; c) x ∼ q2x, z = q2x, y = u = x. Comparing the
obtained results, we get
R(x, qx, q2x, x) = R(x, qx, qx, q2x)
= R(q2x, x, qx, q2x)
= R(x, qx, x, qx)
(18)
and
(19) R(x, qx, x, qx) = R(qx, q2x, qx, q2x) = R(q2x, x, q2x, x).
Equalities (6), (15), (16) and (19) imply
µ(L1; p) = µ(L2; p) = µ(L3; p) =
R(x, qx, x, qx)
g2(x, x)− g2(x, qx) .
By virtue of the linear independence of x and qx, we have
g2(x, x)− g2(x, qx) = g2(x, x)(1 − cosϕ) 6= 0,
where ϕ is the angle between x and qx.

5. An Orthonormal q-Base of Vectors in TpM
Let M be the Riemannian manifold with a metric tensor g and a struc-
ture q, defined by (1) and (3), respectively. We note that the only real eigen-
value and the only eigenvector of the structure q are λ = 1 and x
(
x1, x1, x1
)
,
respectively.
Now, let
(20) x =
(
x1, x2, x3
)
be a non-eigenvector vector of the structure q. We have
(21)
g(x, x) = ‖x‖‖x‖ cos 0 = ‖x‖2, g(x, qx) = ‖x‖‖qx‖ cos ϕ = ‖x‖2 cosϕ,
where ‖x‖ and ‖qx‖ are the norms of x and qx; and ϕ is the angle between
x and qx.
From (1), (20) and (21) we calculate
(22) g(x, x) = A
(
(x1)2 + (x2)2 + (x3)2
)
+ 2B
(
x1x2 + x1x3 + x2x3
)
,
(23) g(x, qx) = B
(
(x1)2 + (x2)2 + (x3)2
)
+(A+B)
(
x1x2 + x1x3 + x2x3
)
.
The above equations imply ‖x‖ = ‖qx‖ > 0.
Theorem 4.Let M be the Riemannian manifold with a metric tensor
g and an affinor structure q, defined by (1) and (3), respectively. Let
6x(x1, x2, x3) be a non-eigenvector on TpM . If ϕ is the angle between x
and qx, then we have ϕ ∈
(
0,
2pi
3
)
.
Proof. We apply equations (22) and (23) in cosϕ =
g(x, qx)
g(x, x)
, and we get
(24) cosϕ =
(
(x1)2 + (x2)2 + (x3)2
)
+ (A+B)
(
x1x2 + x1x3 + x2x3
)
A
(
(x1)2 + (x2)2 + (x3)2
)
+ 2B
(
x1x2 + x1x3 + x2x3
) .
Also we have x(x1, x2, x3) 6= (x1, x1, x1) because x is a non-eigenvector
of q.
We suppose that ϕ ≥ 2pi
3
, i.e. cosϕ ≤ −1
2
. The last condition and (24)
imply
B
(
(x1)2 + (x2)2 + (x3)2
)
+ (A+B)
(
x1x2 + x1x3 + x2x3
)
A
(
(x1)2 + (x2)2 + (x3)2
)
+ 2B
(
x1x2 + x1x3 + x2x3
) ≤ −1
2
that gives the inequality
(2B +A)
(
(x1)2 + (x2)2 + (x3)2 + 2
(
x1x2 + x1x3 + x2x3
)) ≤ 0.
From the condition A+ 2B > 0 we get that
(x1)2 + (x2)2 + (x3)2 + 2
(
x1x2 + x1x3 + x2x3
) ≤ 0
and (x1 + x2 + x3)2 ≤ 0. The last inequality has no solution in the real set.
Then we have cosϕ > −1
2
.

Immediately, from Theorem 4, we establish that an orthonormal q-base
(x, qx, q2x) in TpM exists. Particularly, we verify that the vector
(25) x =
(√
A−B +√A+ 3B
2
√
A2 +AB − 2B2 ,
√
A−B −√A+ 3B
2
√
A2 +AB − 2B2 , 0
)
satisfies the conditions
(26) g(x, x) = 1, g(x, qx) = 0.
The base (x, qx, q2x), where x satisfies (25), is an example of an orthonor-
mal q-base in TpM .
Theorem 5 Let M be the Riemannian manifold with a metric tensor g
and a parallel structure q, defined by (1) and (3), respectively. Let (x, qx, q2x)
be an orthonormal q-base in TpM , p ∈ M, and u = α . x + β . qx + γ . q2x,
v = δ. x + ζ. qx + η. q2x be arbitrary vectors in TpM . For the sectional
curvature µ(u, v) of 2-plane {u, v} we have
(27) µ(u, v) =
(
αζ − βδ + δγ − αη + βη − γζ)2(
α2 + β2 + γ2
)(
δ2 + ζ2 + η2
)− (αδ + βζ + γη)2 µ(x, qx).
7Proof. We calculate
(28) g(u, u) = α2 + β2 + γ2, g(v, v) = δ2 + ζ2 + η2,
g(u, v) = αδ + βζ + γη.
For the sectional curvature of 2-plane {u, v} we have
(29) µ(u, v) =
R(u, v, u, v)
g(u, u)g(v, v) − g2(u, v) .
Using the linear properties of the metric g and the curvature tensor field R
after long calculations we get
R(u, v, u, v) =(αζ − βδ)2R(x, qx, x, qx)
+ (δγ − αη)2R(x, q2x, x, q2x)
+ (βη − γζ)2R(qx, q2x, qx, q2x)
+ 2(αζ − βδ)(δγ − αη)R(x, qx, q2x, x)
+ 2(δγ − αη)(βη − γζ)R(q2x, x, qx, q2x)
+ 2(αζ − βδ)(βη − γζ)R(x, qx, qx, q2x).
(30)
From (18), (19) and (30) we obtain
(31) R(u, v, u, v) =
(
(αζ − βδ) + (δγ − αη) + (βη − γζ))2R(x, qx, x, qx).
From (28), (29) and (31) we get
µ(u, v) =
(
αζ − βδ + δγ − αη + βη − γζ)2
(α2 + β2 + γ2)(δ2 + ζ2 + η2)− (αδ + βζ + γη)2R(x, qx, x, qx).
The last equation and (26) imply (27).

Corollary 1. Let u be an arbitrary non-eigenvector in TpM , p ∈ M ,
and θ be the angle between u and qu.
Then we have
(32) µ(u, qu) = µ(x, qx) tan2
θ
2
, θ ∈
(
0,
2pi
3
)
.
Proof. In (27) we substitute v = qu, δ = γ, ζ = α, η = β and we obtain
µ(u, qu) =
(α2 + β2 + γ2 − βγ − αβ − αγ)2
(α2 + β2 + γ2)2 − (αγ + αβ + γβ)2 µ(x, qx).
Then from (28) we get
µ(u, qu) =
(g(u, u) − g(u, qu))2
g2(u, u)− g2(u, qu) µ(x, qx),
i.e.
µ(u, qu) =
(1− cos θ)2
1− cos2 θ µ(x, qx),
which implies (32).
8
Corollary 2. Let u, v be an arbitrary non-eigenvectors on TpM , p ∈M ,
and θ be the angle between u and qu, and ψ be the angle between v and qv.
Then we have
µ(u, qu) tan2
ψ
2
= µ(v, qv) tan2
θ
2
, ψ, θ ∈
(
0,
2pi
3
)
.
The proof follows immediately from (32).
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